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Abstract: In this paper we present an approximation for the performance analysis of single-server
tandem queues with small buffers and generally distributed service times. The approximation is based on
decomposition of the tandem queue in subsystems, the parameters of which are determined by an iterative
algorithm. By using a detailed description of the arrival and service processes at the subsystems, we
obtain an accurate approximation of performance characteristics such as throughput and mean sojourn
time, which substantially outperforms a former method.
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1 Introduction

Queueing networks with finite buffers have been studied extensively in the literature; see, e.g., [1] and [5].
These models have many applications in manufacturing, communication and computer systems. To the
best of our knowledge, the average errors in throughput and sojourn time approximations reported in the
literature are usually around5%. Typically, in most approximations, the errors are large (up to30%) for
systems with small buffers; see e.g. [9]. But in many manufacturing systems, it is common to have small
buffers. Hence, good approximations for such systems are definitely needed. In this paper we propose a
method for the approximative analysis of single-server tandem queues with general service times,small
finite buffers and blocking after service (BAS). We are interested in the queue-length distribution at each
buffer; these distributions may be used to determine performance characteristics, such as the throughput
and mean sojourn time.

The model we analyze in this paper is as follows. We consider a tandem queue (L) with N servers
in tandem andN − 1 buffersBi, i = 1, . . . , N − 1, of sizebi in between. The servers are labeled
Mi, i = 0, . . . , N − 1. The random variableSi denotes the service time of serverMi; Si is generally
distributed with rateµp,i and coefficient of variationcp,i. Each server can serve one customer at a time.
ServerM0 is never starved and we consider the BAS blocking protocol. Figure 1 shows a tandem queue
with four servers in tandem.
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Figure 1: A tandem queue with four servers.

Our method to approximate the queue-length distribution of the buffers is based on decomposition of
the tandem queue in subsystems and on the first two moments of the service times. Each buffer is
considered in isolation with its own arrival and departure processes. In modeling the arrival process
we make a distinction between the situation where the subsystem becomes blocked or not just after
the last arrival. And in modeling the departure process we distinguish between the cases where the
subsystem becomes empty or not just after the last service completion. By means of an iterative algorithm
the parameters of the processes are tuned. To approximate the arrival and departure processes of the



subsystems, Erlangk−1,k or Coxian2 distributions are fitted on the first two moments of the inter-arrival
and inter-departure times.

Decomposition techniques have also been used by a.o. Perros [6], and Kerbache and MacGregor Smith
[2]. Their methods deal with single-server queueing networks. These methods are extended to the multi-
server case by van Vuuren et al. [9]. In this paper it is also shown that these methods perform worst in
cases with small buffers; errors can get as large as30% in the throughput and mean sojourn time. An
excellent survey on manufacturing flow lines with finite buffers is presented by Dallery and Gershwin
[1]. A book on queueing networks with blocking has been written by Perros and Altiok [7].

The paper is organized as follows. In Section 2 we explain the decomposition of the tandem queue in
subsystems. In the section thereafter we take a closer look at the subsystems. Section 4 describes the
iterative algorithm. Numerical results are presented in Section 5 and they are compared with simulation
and an existing method. Finally, Section 6 contains some concluding remarks.

2 Decomposition of the tandem queue

We decompose the original tandem queueL into N − 1 subsystemsL1, L2, . . . , LN−1. SubsystemLi

consists of a finite buffer of sizebi, an arrival-server in front of the buffer, and a departure-server after
the buffer. In Figure 2 we show the decomposition of lineL of Figure 1.
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Figure 2: Decomposition of the tandem queue of Figure 1.

The random variableAi denotes the service time of the arrival-server in subsystemLi, i = 1, . . . ,M−1.
This random variable represents the service time of the original serverMi−1 including possible starvation
of this server. The random variableDi denotes the service time of the departure-server in subsystemLi;
it represents the service time of serverMi including possible blockingof this server.

In the next section we elaborate further on the arrivals at and the departures from the subsystems.

3 The subsystems

In this section we describe how the service times of the arrival and departure server in subsystemLi are
modeled. Also, we briefly describe the two-moment fits and the analysis of the subsystems.



3.1 The arrivals at and the departures from the subsystems

In the description of the arrivals at a subsystemLi we try to to use all information available. Therefore,
we make a distinction between the situation where the arrival server becomes blocked or not just after
a service completion (i.e., an arrival at subsystemLi). Let the random variablesAb

i andAnb
i denote the

service time of the arrival server if this server becomes blocked, respectively not blocked just after the
previous service completion.

When the arrival server of subsystemLi becomes blocked, the next inter-arrival time starts when a
customer leaves subsystemLi. Then, at this departure, two things can happen. The upstream subsystem
Li−1 is empty with probabilitype

i−1. In this case the arrival server of subsystemLi has to wait for a
residual inter-arrival time at subsystemLi−1, denoted asRAi−1, before serverMi−1 can begin serving
the next customer. When subsystemLi−1 is not empty, serverMi−1 can immediately begin serving the
next customer with service timeSi−1. Figure 3 shows the inter-arrival timeAb

i in case the arrival server
of Li became blocked just after the previous arrival.
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Figure 3: The inter-arrival time of the arrival server of subsystemLi when this server became blocked
just after the previous arrival.

When the arrival server of subsystemLi does not get blocked after an arrival, the next arrival can imme-
diately begin. Now, again two things can happen. First note that an arrival at subsystemLi is a departure
from Li−1, when the arrival server ofLi does not get blocked. So, the upstream subsystemLi−1 can get
emptyon departurewith probabilityqe

i−1. Note thatqe
i−1 is not equal tope

i−1 (because we now look at
departure epochs, instead of arrival epochs). In this case the arrival server of subsystemLi has to wait
for a residual inter-arrival time at subsystemLi−1, denoted byRAi−1, before serverMi−1 can begin
serving the next customer. When subsystemLi−1 does not get emptyon departure, serverMi−1 can
immediately begin serving the next customer with service timeSi−1. Figure 4 shows the inter-arrival
timeAnb

i in caseLi did not block just after the previous arrival.
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Figure 4: The inter-arrival time of the arrival server of subsystemLi when this server did not block just
after the previous arrival.

We also describe the departures from the subsystems in more detail. Here, we make a distinction between
a departure for which the previous departure left behind an empty subsystemLi or not. Let the random
variablesDe

i andDne
i denote the service time of the departure server of subsystemLi if just after the

previous service completion this subsystem is empty or not.

When subsystemLi gets empty, the next inter-departure time starts when a new customer enters subsys-
temLi. Now, on arrival of this customer, we again have two possibilities. The downstream subsystem
Li+1 can be full with probabilitypf

i+1. Then, the inter-departure time is the maximum of the service



timeSi of Mi and the residual inter-departure time of the departure server in subsystemLi+1, denoted as
RDi+1. When subsystemLi+1 is not full, serverMi can immediately begin serving the next customer
with service timeSi. Figure 5 shows the inter-departure timeDe

i in case the previous departure left
behind an empty subsystemLi.
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Figure 5: The inter-departure time of the departure server of subsystemLi when the previous departure
leaves behind an empty subsystem.

If subsystemLi is not empty after a departure, the next inter-departure time starts immediately. In this
case, there are three possibilities. First note that a departure fromLi is an arrival atLi+1, andon arrival
the status of downstream subsystemLi+1 goes from blocked to full with probabilityrbf

i+1. In this case,
we know that the service time ofMi and the inter-departure time of the departure server inLi+1 begin at
the same time, so the inter-departure time ofLi is then the maximum ofSi andDi+1. Another possibility
is thaton arrival the status of subsystemLi+1 goes from not full to full; this happen with probability
ref
i+1. In that case the departure server ofLi+1 is already busy, so the inter-departure time of the departure

server atLi is then the maximum ofSi andRDi+1. However, there is one exception, when the buffer of
Li+1 is 0 we also know that the service time ofMi and the inter-departure time of the departure server
in Li+1 begin at the same time, so the departure process ofLi is then again the maximum ofSi and
Di+1. When,on arrival, the status of subsystemLi+1 does not go to full, serverMi can begin serving
the next customer with service processSi. Figure 6 shows inter-departure timeDne

i in case the previous
departure does not leave behind an empty subsystemLi.
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Figure 6: The inter-departure time of the departure server of subsystemLi when the previous departure
does not leave behind an empty subsystem.

Now it remains to explain how to determine the service timesAi andDi from respectivelyAb
i , Anb

i and
De

i , Dne
i . With probabilityrb

i an arrival causes the subsystem to get blocked, so the next inter-arrival time
is Ab

i . Otherwise the next inter-arrival time isAnb
i . Similarly, with probabilityqe

i the next inter-departure
time isDe

i and with probability1 − qe
i it is Dne

i ; see Figure 7 for a schematic representation ofAi and
Di.

To determine the inter-arrival and inter-departure times at the subsystems we make extensive use of
fitting simple phase-type distributions to the first two moments. In particular, we developed an efficient
method to determine the first two moments of the maximum of two phase-type random variables; for
more information we refer to [10].
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Figure 7: The inter-arrival and inter-departure times at subsystemLi.

3.2 Two moment fit

We will model the distribution of a random variable with rateµ and coefficient of variationc as a Coxian2
distribution if c2 ≥ 0.5, and otherwise, as a mixed Erlangk−1,k distribution. For fitting a Coxian2
distribution with parametersµ1, µ2 andp we use the set suggested by [4]:

µ1 = 2µ, p =
1

2c2
, µ2 = µ1p.

For fitting an Erlangk−1,k with parametersν andp we use the set suggested by [8]:

p =
kc2 −

√
k(1 + c2)− k2c2

1 + c2
, ν = (k − p)µ.

wherek(> 1) is chosen such that

1
k
≤ c2 ≤ 1

k − 1
.

There exist also other parameter choices for fitting these distributions, and other distributions for fitting,
like the hyper-exponential distribution. Using other distributions or parameters does not affect the quality
of our model.

3.3 Analyzing a subsystem

By fitting Coxian or Erlang distributions on the service timesAb
i , Anb

i , De
i , Dne

i , subsystemLi can be
described by a finite state Markov process, with states(i, j, k). The state variablei denotes the total
number of customers in the subsystem. Clearly,i is at least0 and is at most equal tobi + 1. The state
variablej (k) indicates the phase of the service time of the arrival (departure) process. The states of the
arrival (departure) process consists of the phases ofAb

i (De
i ) plusthe phases ofAnb

i (Dne
i ), because there

are two kinds of arrivals (departures).

The steady-state queue-length distribution of this system can be determined efficiently by using matrix
analytic methods. See [3] for more information on matrix analytic methods and see [10] for a more
detailed analysis of this system in particular. This gives us the probabilitiespi,j , j = 0, . . . , bi + 1,
wherepi,j is the probability that the number of customers in subsystemLi is equal toj. From these
queue-length probabilities we can easily derive performance measures and the probabilities we need for
describing the inter-arrival and inter-departure times of other subsystems.

4 The iterative algorithm

We will now describe the iterative algorithm for approximating the characteristics of tandem queueL.
The algorithm is based on the decomposition ofL in N −1 subsystemsL1, L2, . . . , LN−1. Before going
into detail in Section 4.2, we present the outline of the algorithm in Section 4.1.



4.1 Outline of the algorithm

• Step 0: Choose initial characteristics of the departure processes for all subsystemsL1, . . . , LN−1.

• Step 1: For subsystemLi = L1, . . . , LN−1:

1. Determine the first two moments of the arrival processesAb
i andAnb

i , given the queue-length
distribution and throughput of subsystemLi−1.

2. Determine the queue-length distribution of subsystemLi.

3. Determine the throughputTi of subsystemLi.

• Step 2: Determine the new characteristics of the departure processes for all subsystemsLN−1, . . . , L1.

• Repeat Step 1 and 2 until the characteristics of the departure processes have converged.

4.2 Details of the algorithm

Step 0: Initialization

The first step of the algorithm is to initially assume that there is no blocking. This means that the random
variablesDe

i andDne
i are initially the same as the service timesSi. The algorithm also needs initial

values forrb
i andqe

i . So, we initially assume them to be equal to0.5.

Step 1: Evaluation of subsystems

We know (estimates for) the inter-departure times ofLi, but we also need to know its inter-arrival times,
before we are able to determine the queue-length distribution ofLi.

(a) The arrival process

For the first subsystemL1, the characteristics ofAb
1 andAnb

1 are the same as those ofS0, because the
servers ofM0 cannot be starved.

For the other subsystems we proceed as follows. By Little’s law we have for the throughputTi of
subsystemLi,

Ti = (1− pi,bi+1)µa,i,

whereµa,i is the average arrival rate at subsystemLi. By substituting the estimateT (k)
i−1 for Ti andp

(k−1)
i,bi+1

for pi,bi+1 we get as new estimate for the average arrival rateµa,i,

µ
(k)
a,i =

T
(k)
i−1

1− p
(k−1)
i,bi+1

,

where the super scripts indicate in which iteration the quantities have been calculated.

The coefficients of variation ofAd
i andAnb

i cannot be determined in this way; to approximate the coeffi-
cient of variation we use the model described in Section 3.1; see [10] for details.

(b) Analysis of subsystemLi

Based on the (new) characteristics of both inter-arrival and inter-departure times we can determine
the steady-state queue length distribution of subsystemLi. To do so we first need to fit Coxian2 or
Erlangk−1,k distributions on the first two moments of the service times of the arrival and departure
servers as described in Section 3.2. Then we calculate the equilibrium probabilitiespi,j as described
in Section 3.3.

(c) Determining the throughput of Li



Once the steady-state distribution is known, we can determine the new throughputT
(k)
i according to

T
(k)
i = (1− p

(k)
i,0 )µ(k−1)

d,i ,

whereµ
(k−1)
d,i is the average departure rate of subsystemLi.

We also determine the probabilities we need, like the blocking and starvation probabilities; for more
details the reader is referred to [10].

We perform Step 1 for every subsystem fromL1 up toLN−1.

Step 2: The departure process

Now we have new information about the departure processes of the subsystems. So we can recalculate
the first two moments of the service times of the departure processes, starting from subsystemLN−2

down toL1. Note thatDe
N−1 andDne

N−1 are always the same asSM−1, because serverMN−1 can never
be blocked.

The calculation of the new rate and coefficient of variation ofDe
i andDne

i is again done by using the
models introduced in Section 3.1.

Convergence

After Step 1 and 2 we can check whether the iterative algorithm has converged or not. We check this by
comparing the departure rates in the(k − 1)-th andk-th iteration. When the sum of the absolute values
of the differences between these rates is less thanε we stop; otherwise we repeat Step 1 and 2.

Of course, we may use other stop-criteria as well; for example, we may consider the throughput instead
of the departure rates. The bottom line is that we go on until ’nothing’ changes anymore.

5 Numerical Results

In this section we test the quality of the proposed approximation by comparing it with discrete event
simulation. We also compare the results with an approximation of van Vuuren et al. [9].

Assuming that we only know the mean and the squared coefficient of variation of the service times at each
server, we fit mixed Erlang distributions or Coxian2 distributions on the first two moments, depending
on whether the coefficient of variation is less or greater than1. For the mixed Erlang distribution we use
the fit presented in [8] and for the Coxian2 distribution we use the fit presented in [4].

In order to investigate the quality of our method we compare the mean waiting time and the delay proba-
bility for a large number of cases with the ones produced by discrete event simulation. We are especially
interested in investigating for which set of input parameters our method gives satisfying results. Each
simulation run is sufficiently long such that the widths of the 95% confidence intervals of the mean
waiting time and the delay probability are smaller than 1%.

We use a broad set of parameters for the tests. The average service times of the servers are all 1. We vary
the number of servers in the tandem queue between 4, 8, 12 and 16. The squared coefficient of variation
(SCV) of the service times of each server is the same and is varied between 0.2, 0.4, 1 and 2. The buffer
sizes between the servers are the same and varied between 0, 1, 3, and 5. We can also test three kinds of
imbalance in the tandem queue. We test imbalance in the average service times by increasing the average
service time of the ’even’ servers form 1 to 1.2. Imbalance in the SCV is tested by increasing the SCV of
the service times of the ’even’ servers by 0.5. Finally, imbalance in the buffer sizes is tested by increasing
the buffers size of the ’even’ buffers with 2. This leads to a total of4323 = 512 test cases. The results
for each category are summarized in Tables 1 up to 4. Each table lists the average error in the throughput



and the mean sojourn time compared with simulation results. Each table also gives for 3 error-ranges
the percentage of the cases which fall in that range and the average error of the approximation from [9],
which is denoted by VAR.

Buffer Error in the throughput Error in mean sojourn time
sizes Avg. 0-2 % 2-4 % > 4 % VAR app. Avg. 0-2 % 2-4 % > 4 % Old app.
0, 0, . . . 1.22 % 81.3 % 15.6 % 3.1 % 11.17 % 1.79 % 68.8 % 21.9 % 9.4 % 12.22 %
1, 1, . . . 1.20 % 75.0 % 25.0 % 0.0 % 5.64 % 0.98 % 87.5 % 12.5 % 0.0 % 7.03 %
3, 3, . . . 1.27 % 73.4 % 26.6 % 0.0 % 2.89 % 0.89 % 96.9 % 3.1 % 0.0 % 3.95 %
5, 5, . . . 1.48 % 68.8 % 31.3 % 0.0 % 2.12 % 1.02 % 87.5 % 12.5 % 0.0 % 2.81 %
0, 2, . . . 1.26 % 81.3 % 9.4 % 9.4 % 5.54 % 1.15 % 87.5 % 12.5 % 0.0 % 6.92 %
1, 3, . . . 1.00 % 87.5 % 12.5 % 0.0 % 3.55 % 1.25 % 78.1 % 21.9 % 0.0 % 5.02 %
3, 5, . . . 1.28 % 73.4 % 26.6 % 0.0 % 2.29 % 1.13 % 85.9 % 12.5 % 1.6 % 3.51 %
5, 7, . . . 1.47 % 68.8 % 31.3 % 0.0 % 1.84 % 1.51 % 73.4 % 21.9 % 4.7 % 2.87 %

Table 1: Overall results for tandem queues with different buffer sizes.

SCVs Error in the throughput Error in mean sojourn time
Avg. 0-2 % 2-4 % > 4 % VAR app. Avg. 0-2 % 2-4 % > 4 % Old app.

0.2, 0.2, . . . 0.74 % 96.9 % 3.1 % 0.0 % 1.57 % 1.60 % 78.1 % 15.6 % 6.3 % 1.58 %
0.4, 0.4, . . . 0.78 % 96.9 % 3.1 % 0.0 % 0.85 % 0.89 % 93.8 % 6.3 % 0.0 % 2.72 %
1, 1, . . . 0.98 % 87.5 % 12.5 % 0.0 % 3.54 % 0.75 % 92.2 % 7.8 % 0.0 % 5.79 %
2, 2, . . . 1.86 % 51.6 % 45.3 % 3.1 % 9.34 % 1.32 % 82.8 % 14.1 % 3.1 % 9.91 %
0.2, 0.7, . . . 1.29 % 75.0 % 25.0 % 0.0 % 1.54 % 1.47 % 73.4 % 26.6 % 0.0 % 2.97 %
0.4, 0.9, . . . 1.19 % 79.7 % 20.3 % 0.0 % 2.22 % 1.16 % 84.4 % 15.6 % 0.0 % 3.86 %
1, 1.5, . . . 1.34 % 73.4 % 26.6 % 0.0 % 5.24 % 0.93 % 90.6 % 9.4 % 0.0 % 6.75 %
2, 2.5, . . . 2.01 % 48.4 % 42.2 % 9.4 % 10.74 % 1.58 % 70.3 % 23.4 % 6.3 % 10.76 %

Table 2: Overall results for tandem queues with different SCVs of the service processes.

Average Error in the throughput Error in mean sojourn time
service times Avg. 0-2 % 2-4 % > 4 % VAR app. Avg. 0-2 % 2-4 % > 4 % Old app.
1, 1, . . . 1.01 % 84.8 % 13.7 % 1.6 % 4.06 % 1.18 % 84.4 % 14.5 % 1.2 % 5.10 %
1, 1.2, . . . 1.54 % 67.6 % 30.9 % 1.6 % 4.70 % 1.25 % 82.0 % 15.2 % 2.7 % 5.98 %

Table 3: Overall results for tandem queues with different service rates.

Servers in Error in the throughput Error in mean sojourn time
line Avg. 0-2 % 2-4 % > 4 % VAR app. Avg. 0-2 % 2-4 % > 4 % Old app.
4 0.58 % 96.1 % 3.9 % 0.0 % 1.48 % 0.89 % 92.2 % 7.8 % 0.0 % 1.78 %
8 1.00 % 88.3 % 11.7 % 0.0 % 3.91 % 1.01 % 86.7 % 12.5 % 0.8 % 4.71 %
12 1.54 % 66.4 % 32.0 % 1.6 % 5.42 % 1.27 % 87.5 % 10.2 % 2.3 % 6.69 %
16 1.96 % 53.9 % 41.4 % 4.7 % 6.71 % 1.69 % 66.4 % 28.9 % 4.7 % 8.98 %

Table 4: Overall results for tandem queues with different length.

Overall we can conclude from the above results that the approximation method works very well. The
average error in the throughput is around 1.3 % and the average error in the mean sojourn time is around
1.2 %. In most cases the errors are within 1%-width confidence interval of the simulation results. When
the results of the approximation are compared with those of the VAR approximation, we see that the new
approximation performs substantially better than the VAR approximation.

Now let us take a look at the results in more detail. If we look at Table 1, we see that the quality of the
results for the throughput is nearly insensitive to the buffer sizes. The errors in the mean sojourn time
are slightly larger for cases where the buffers are of size zero than the cases with non-zero buffers. But
these results are still highly acceptable. Another remark is that the approximation does not seem to be
very sensitive to imbalance in the buffer sizes.



In Table 2 we see that the error in the throughput is slightly increasing in the SCVs of the service
processes. For the mean sojourn the times the approximation performs best when the SCVs are around
1. Here, also, the quality of the approximation is not significantly sensitive to imbalance in the SCVs
of the service processes. On the other hand, Table 3 shows that quality of the approximation slightly
depends on imbalance in the average service times.

Finally in Table 4, it is shown that, as expected, the errors in both the throughput and the mean sojourn
time increase when the tandem queue increases in length. This is the case, because an increasingly larger
part of the line is described by a single server in the subsystems. But, as the length of the line increases,
the results remain highly acceptable.

6 Concluding remarks

In this paper we described an algorithm for approximating tandem queues with small buffers. We used
a decomposition approach and developed an iterative algorithm to approximate the performance charac-
teristics of the tandem queue. To improve the algorithm over existing methods, we modeled the arrivals
and departures at the subsystems in more detail. The queue-length distributions of the subsystems are
determined by using a matrix geometric method.

We tested the algorithm by comparing it with a discrete-event simulation and with an existing method
and the results are very good. The average errors in both the throughput and the mean sojourn time are
around1.3%, where the average errors in existing methods are around5%. So, it is now possible to get
reliable approximations for tandem queue with small buffers or no buffers at all.

References

[1] Y. Dallery and B. Gershwin (1992) Manufacturing flow line systems: a review of models and
analytical results.Queueing Systems 12, 3-94.

[2] L. Kerbache and J. MacGregor Smith (1987) The Generalized Expansion Method for Open Finite
Queueing Networks.The European Journal of Operations Research 32, 448-461.

[3] G. Latouche and V. Ramaswami (1999)Introduction to Matrix Analytic Methods in Stochastic
Modeling.ASA-SIAM Series on Statistics and Applied Probability 5.

[4] R.A. Marie (1980) Calculating equilibrium probabilities forλ(n)/Ck/1/N queue.Proceedings
Performance ’80, Toronto, 117-125.

[5] H.G. Perros (1989) A Bibliography of Papers on Queueing Networks with Finite Capacity Queues.
Perf. Eval. 10, 255-260.

[6] H.G. Perros (1994)Queueing Networks with Blocking.Oxford University Press.

[7] H.G. Perros and T. Altiok (1989)Queueing Networks with BlockingNorth-Holland, Amsterdam.

[8] H.C. Tijms (1994)Stochastic models: an algorithmic approach.John Wiley & Sons, Chichester.

[9] M. van Vuuren, I.J.B.F. Adan and S.A. Resing-Sassen (2003) Performance Analysis of Multi-Server
Tandem Queues with Finite Buffers and blocking.To appear in OR Spektrum.

[10] M. van Vuuren and I.J.B.F. Adan (2005) Performance Analysis of Tandem Queues with Small
Buffers and Blocking.Working paper.


