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Abstract: Serial flow or production lines are modeled as tandem queueing networks and formulated as 
continuous-time Markov chains to investigate how to maximize throughput or minimize the average 
work-in-process (WIP) when the total service time among the stations are fixed (this is the workload 
allocation problem). This paper examines the effect of the unreliability of the machines on the optimal 
workload allocation in order to maximize throughput or minimize the average WIP subject to a 
minimum required throughput.   
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1. Introduction and literature review 
 
Systems of finite queues in series arise frequently in a variety of cases as production line systems (e.g. 
see Hillier and Boling (1966, 1977, 1979)), flexible manufacturing systems (e.g. see Stecke and 
Solberg (1985)), communication networks (e.g. see Schwartz (1977)), etc. Due to this fact a large 
amount of research has been devoted to the analysis of tandem queueing systems (or production/flow 
lines). Much of this research has been concerned with basic design problems of these manufacturing 
systems.  A few of these design problems are : 1) the size of buffers between the stations (the well 
known buffer allocation problem) 2) the allocation of servers to multiserver stations of the line and 3) 
the division of work among the stations. 

Various researchers have studied the buffer allocation problem (BAP) in a variety of contexts (see 
Sarker, 1984, Buzacott and Hanfin, 1978, for surveys in this area). However, only a few of these 
studies examined the effects of unequal storage allocations for compensating for the unequal effects of 
the variability in the operation times or the unreliability of stations of a flow line. To this direction the 
interested reader is directed to Hillier and So (1991, 1996), Spinellis and Papadopoulos (2000) and 
Papadopoulos and Vidalis (1999). 

The server allocation problem (SAP) has received less attention in the literature. Hillier and So (1989) 
addressed the question of how to allocate a fixed number of identical servers to a number of stations in 
order to maximize the throughput of a line assuming equal workload and storage space among all 
stations. Stecke and Solberg (1985), Shanthikumar and Yao (1988) and Dallery and Stecke (1990) 
have also examined similar issues for closed queueing networks. 

The workload allocation problem (WAP) for production lines with single server stations and equal 
allocation of buffer storage between stations, has been studied by Hillier and Bolling (1966, 1979). 
They discovered the “bowl phenomenon” where the throughput of a line can be increased by 
deliberately unbalancing the line in an appropriate way whereby the center station are given 
preferential treatment (less work, equivalently higher rate) over the end stations. Other researchers 
have studied other possible ways of unbalancing the line under more general conditions (see Rao, 
1976 and El-Rayah,  (1979)).  Hillier and Boling’s work has led to over 24 research papers in this 
direction (see Muth and Alkaff, 1987). 

The above allocation problems (the buffer, the server and the workload) are examined in pairs and all 
three simultaneously in Hillier and So (1995). Namely one of the three vectors is fixed at a default 
value and the rest two or all are decision variables.  



 

The main purpose of this paper is to investigate the workload allocation problem. The contribution of 
the current work is the investigation of the effect of stations’ availability to the form of optimal 
workload vector t* 

The remainder of the paper is organized as follows: In section 2 the production line model and the 
problems of interest are described. In section 3 the solution approach is given and in Section 4 
numerical results are provided. Finally Section 5 concludes the findings and addresses future research 
areas. 

 
2. The problem and the production line model 

 
The classical queuing model formulated by Hunt (1956) is used to represent a serial production line. 
Each part has to proceed through each of K stations in the same fixed sequence, namely stations 
1,2,…,K. Every station has one (single) server (machine). There is always a part available to begin 
service at station 1 and the last station is never blocked (see Figure 1). 

 
 
 
 
 
 
 
 
Figure 1: A K-station production line with K-1 intermediate buffers 
 
 

For i =2,3,..,K the maximum number of parts that can be held in the queue (buffer) before station i  
(not including any item being held in station (i-1) due to blocking or any part being served at station i) 
is labeled by Bi. So Bi denotes the location and the capacity of the buffer between stations (i-1) and i. 
If a part completes service at station (i-1) and at the completion time the buffer Bi before station i is 
full, this item must be held at station (i-1) until there is space for this customer at buffer Bi. So station 
(i-1) remains idle simply holding the part and blocking the station from serving the next part. (This 
blocking mechanism is referred to in the literature as blocking after service (BAS) or manufacturing 
blocking.) 

Other typical assumptions of our model are: All the random variables (processing or service times, 
uptimes, downtimes) are independent random variables. The failures are single-machine operation 
dependent failures. When a failure occurs, the part stays on the machine and it is reworked when the 
machine is up again, that is there is no scraping of parts and the work resumes exactly at the point it 
stops. Times to failure are assumed to be exponentially distributed whereas service and repair times 
are allowed to follow the Erlang-k distribution (with k ≥ 1, in general). 

Next the variables of the model are defined: 

Si : a random variable representing the service time of station i 
E[Si ] = ti : average service time of station i 
µi : average service rate or speed of station i 
MTTFi: average time to failure of station i 
ßi: average failure rate of station i 
Ri : a random variable representing the repair time of station i 
MTTRi: average time to repair of station i 
ri : average repair rate of station i 
Ai :Availability of station i. It is the average fraction of the time the station i is operational if it is 
operated in isolation i.e. never starved never blocked. This quantity is also referred to as the isolated 
efficiency of station i and is denoted as ei. For a reliable station Ai  = 1 and for an unreliable station Ai  
< 1.  
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The following relationships hold (see Dallery and Gershwin 1992): 

µi  = 1/ti 

ßi = 1/ MTTFi 

ri = 1/ MTTRi 

 
The main performance measures of the system is the throughput (mean output rate) denoted by X(B, 
ß, r, t) and the average work-in-process WIP(B, ß, r, t) where B = (B2, B3,…, BK), ß = (ß1,ß2,…,ß? ), r 
= (r1,r2,…,rK) and   t = (t1, t2,.., tK). 

In mathematical terms the optimization problems of interest could be stated as two non-linear 
programming problems with constraints as follows : 

Problem 1: The workload allocation problem: 

Maximize X(B, ß, r, t)  

subject to: 

 
where K is a fixed constant, ß, r and B are the input vectors and t is the decision vector. The constraint 
indicates that the sum of the expected service times is a fixed constant and by normalization, this 
constant can be set equal to K. This total workload can be divided among the K stations as desired. 

Problem 2: The workload allocation problem: 

Minimize WIP(B, ß, r, t) 

subject to:  
X(B, ß, r, t) ≥ Xminimum 

 
where ß, r and B are the input vectors and t is the decision vector. Xminimum denotes the minimum 
required throughput that must achieved.   
 
 
3. Solution approach 

The objective is to solve the constrained nonlinear workload  allocation problems given in the 
previous section. Unfortunately an analytical solution is not attainable as the nonlinear throughput 
function cannot be expressed explicitly. For phase type service time distributions the overall queuing 
process can be formulated as a continuous time Markov chain.  

For the calculation of the mean production rate (throughput) considered in this study, the analytical 
model and software developed by Heavey, Papadopoulos and Brown (1993) is used. This gives the 
exact throughput of a K-station production line with exponential times to failure and Erlang-k (for any 
k ≥ 1) service and repair times. The evaluation of throughput involves the generation of the transition 
matrix of the underlying finite state continuous time Markov chain. Then using an appropriate 
numerical procedure (the Gauss-Seidel method in conjunction with the successive over relaxation 
(SOR) method), one has to solve the resulting system of linear equations to obtain the stationary 
distribution of the Markov chain. Unfortunately the number of states of the Markov chain and thus the 
number of equations to be solved grows very rapidly with the number of stations, the total buffer 
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capacity, or the number of phases of service/repair times. This restricts the applicability of this 
software to short flow lines only. 

Enumeration is used to find the optimal values of  t. The reversibility property reduces the number of 
cases that need to be considered through enumeration. However, this property is applicable only to the 
throughput maximization problem where X(t)=X(t’), but it is not valid to the WIP minimization 
problem as WIP(t) ≠ WIP(t’). 
 
 
4. Numerical Experiments  
 
In this section numerical results concerning the optimal workload allocation are presented (in 
subsection 4.1 and 4.2, respectively). The workload allocation problem where the objective is to 
maximize throughput has been examined by other authors (Hillier and Boling, 1979) under the 
assumption that all the stations of the line are reliable. We relaxed this assumption and examined the 
workload allocation problem, not previously reported in the literature. 

4.1. The workload allocation to maximize throughput 

Central objective: What is the form of the optimal vector t* of service times that maximized the 
throughput of a production line when the stations are unreliable?  Three groups of experiments are 
presented: 

• Group 1: In this group of experiments Ai is the same for all i; 

• Group 2: In this group of experiments Ai is the same for all i, however ri (the average failure 
rate) and ßi (the failure rate) will vary, i.e., ri/ ßi=constant; 

• Group 3: In this group of experiments for 3 station line Ai is varied as follows: 

• A1 ≥ A2 ≥ A3 i.e., the availability of stations decrease from station 1 through to station 3; 
• The availability of internal stations is greater then front or end stations of the line.  For a 

three station line A2 ≥ A1 = A3.   

In presentation of the results two measures are used that help to identify trends in the results.  The first 
is a measurement of the inbalance in mean workload: 

{ }
{ }

i

i

min t
% InBalance Workload 1 100

max t

  
= − ×      

 

The second measures the inbalance in mean availability:  

{ }
{ }

i

i

min A
% InBalance Availability 1 100

max A

  
= − ×      

 

 

4.1.1. Group 1 Experiment Results 

As can be seen from Table 1 (for a three station line) and Table 2 (for a four station line) Ai is the 
same for all stations and is varied from 1.0 to 0.5885. The reduction of availability is achieved by 
increasing of rate of breakdowns ßi while the rate of repairs ri remains constant. 
 
 
 
 
 
 
 



 

Table 1: t* for 3-station lines when Ai decreases 

Ai t1 t2 t3 X3 % Workload 

InBalance 

1.00 1.0858 0.8285 1.0857 0.5672 23.70 

0.909 1.0881 0.8237 1.0881 0.4886 24.30 

0.833 1.0910 0.818 1.0910 0.4297 25.02 

0.7692 1.0941 0.8123 1.0942 0.3840 25.76 

0.7142 1.0977 0.8045 1.0978 0.3473 26.72 

0.6667 1.1013 0.7944 1.1012 0.3174 27.87 

0.625 1.1050 0.7905 1.1050 0.2924 28.46 

0.5885 1.1086 0.7837 1.1087 0.2712 29.31 

 

Table 2: t* for 4-station lines whereas Ai decreases 

Ai t1 t2 t3 t4 X4 % Workload 

InBalance 

0.99 1.137 0.863 0.863 1.137 0.50985 24.10 
0.97 1.138 0.862 0.862 1.138 0.49140 24.25 

0.952 1.140 0.860 0.860 1.140 0.47432 24.56 
0.91 1.143 0.857 0.857 1.143 0.43662 25.02 

0.893 1.144 0.856 0.856 1.144 0.42326 25.17 
0.885 1.145 0.855 0.855 1.145 0.41690 25.33 
0.869 1.146 0.854 0.854 1.146 0.40478 25.48 
0.855 1.148 0.852 0.852 1.148 0.39338 25.78 
0.833 1.150 0.850 0.850 1.150 0.37751 26.09 
0.769 1.158 0.842 0.842 1.158 0.33324 27.29 

 

Discussion: From examination of Table 1 and Table 2 the bowl phenomenon becomes more 
pronounced as Ai is reduced.  Also as would be expected the efficiency (throughput) declines as 
availability of stations is decreased.  
 

4.1.2. Group 2 Experiment Results 

In these experiments Ai is the same for all i, however ri and ßi are varied (see Table 3 and Table 4).  A 
three station (Table 3) and a four station (Table 4) line are experimented with. In Table 3 Ai = 0.8333 
and ri/ßi = 5, while in Table 4 Ai = 0.8333 and ri/ßi = 5 and Ai = 0.952 and ri/ßi = 20. 
 
 
 
 
 
 



 

Table 3: t* for 3-station lines whereas Ai remains constant 
ri ßi Ai t1 t2 t3 X3 % Workload 

InBalance 

0.2 0.04 0.8333 1.094 0.8123 1.094 0.4348 25.75 

0.3 0.06 0.8333 1.0953 0.8097 1.0950 0.4389 26.08 

0.4 0.08 0.8333 1.0953 0.8097 1.0950 0.4422 26.08 

0.5 0.10 0.8333 1.0953 0.8097 1.0950 0.4449 26.08 

 
Table 4: t* for 4-station lines whereas Ai remains constant 

ri ßi t1 t2 t3 t4 X4 % Workload 
InBalance 

Ai = 0.8333, ri/ßi = 5 
0.1 0.02 1.150 0.850 0.850 1.150 0.3775 26.09 
0.2 0.04 1.156 0.844 0.844 1.156 0.38525 26.99 
0.3 0.06 1.157 0.843 0.843 1.157 0.3912 27.14 
0.5 0.10 1.157 0.843 0.843 1.157 0.39967 27.14 
0.6 0.12 1.156 0.844 0.844 1.156 0.40279 26.99 
1.0 0.20 1.152 0.848 0.848 1.152 0.41116 26.39 
2.0 0.40 1.146 0.854 0.854 1.146 0.42029 25.48 
5.0 1.0 1.140 0.860 0.860 1.140 0.42748 24.56 

Ai = 0.952, ri/ßi = 20 
0.1 0.005 1.140 0.860 0.860 1.140 0.47431 24.56 
0.2 0.010 1.141 0.859 0.859 1.141 0.47705 24.72 
0.4 0.020 1.142 0.858 0.858 1.142 0.48089 24.87 
0.8 0.040 1.142 0.858 0.858 1.142 0.48525 24.87 
1.8 0.090 1.140 0.860 0.860 1.140 0.48960 24.56 

 
 
Discussion: From examination of Table 3 and Table 4 it can be observed that for both Ai = 0.833 and 
Ai = 0.952 the throughput rate increases as ri and ßi increase.  As regards t*, for Ai = 0.833, ri/ßi = 5 
the Workload Inbalance for ri = 0.1 and ßi = 0.02 (row 1 Table 3) is 26.09%, increases to 27.14% and 
then decreases to 24.56%.  There is only a small change in the optimal workload allocation (i.e., a 
change of inbalance of 1.53%) and there is no clear pattern to how the optimal workload is affected.  
Similar results can be observed for Ai = 0.952, ri/ßi = 20 (see Table 4). 
 

4.1.3. Group 3 Experiment Results 

Table 5 presents results for the case where A1 ≥ A2 ≥ A3, i.e., the availability of stations decrease from 
station 1 through to station 3.  Table 6 presents results where A2 ≥ A1 = A3. 
 
 
 
 
 
 



 

Table 5: t* for 3-station lines where A1 ≥ A2 ≥ A3 
A1 A2 A3 t1 t2 t3 X3 % WorkLoad 

InBalance 
% Availability  

InBalance 
0.90 0.89 0.89 1.11 0.82 1.07 0.48 25.57 1.67 
0.88 0.87 0.86 1.11 0.82 1.07 0.46 25.85 1.71 
0.89 0.89 0.88 1.11 0.82 1.07 0.47 25.57 1.79 
0.89 0.88 0.87 1.11 0.82 1.07 0.46 25.64 1.81 
0.91 0.90 0.89 1.11 0.82 1.07 0.48 25.52 1.87 
0.91 0.90 0.89 1.11 0.83 1.06 0.48 25.08 2.75 
0.91 0.90 0.88 1.11 0.84 1.05 0.48 24.79 3.63 
0.91 0.90 0.87 1.12 0.85 1.04 0.48 24.34 4.51 
0.91 0.83 0.83 1.21 0.74 1.04 0.45 38.50 8.46 
0.91 0.83 0.77 1.26 0.81 0.93 0.43 35.58 15.49 

 
Table 6: t* for 3-station lines where A2 ≥ A1 = A3 

A1 A2 A3 t1 t2 t3 X3 % WorkLoad  
InBalance 

% Availability 
InBalance 

0.83 0.83 0.83 1.09 0.82 1.09 0.43 25.02 0.00 
0.83 0.84 0.83 1.08 0.83 1.08 0.43 23.17 0.83 
0.83 0.85 0.83 1.08 0.85 1.08 0.43 21.16 1.65 
0.83 0.91 0.83 1.01 0.97 1.01 0.45 3.90 8.46 
0.83 0.92 0.83 1.01 0.99 1.01 0.45 1.48 9.20 
0.83 0.93 0.83 0.99 1.02 0.99 0.45 3.32 10.86 
0.83 0.95 0.83 0.97 1.05 0.97 0.46 7.50 12.50 

 

Discussion: Table 5 gives some sample experimental results for a three station line where Ai ≥ Aj  for j 
> i.  Note that as the Availability Inbalance increases the Workload Inbalance measure follows a 
“bowl” shape, in that it starts at an Inbalance measure of 25.57 decreases to 24.34 and then increases 
to 35.58.  The same trend can also be observed in Table 6 (where A2 ≥ A1 = A3) but it is much more 
pronounced.  Note that for roughly similar Availability Inbalance (15.49% in Table 5 and 12.50% in 
Table 6) the optimal Workload Inbalance is considerably less for the case where A2 ≥ A1 = A3, i.e., 
35.58% in Table 5 against 12.5% in Table 6. 

4.2. The workload allocation to minimize WIP  

Central objective: What is the form of the optimal vector t* of service times so as to minimize the 
WIP subject to a minimum throughput in a production line when the stations are unreliable?  To 
investigate the above objective a 4 station unreliable line with Ai = 0.989, is examined for different 
values of Xminimium. The maximum throughput for t = (1,1,1,1) is 0.506890 while the throughput for t* 
= (1.14, 0.86, 0.86, 1.14) is 0.511680 So the values for Xmin range from 0 up to 0.511 (see column 6 at 
Table 7) 
 
Table 7: t* to minimize WIP for 4-station lines 

Ai t1 t2 t3 t4 Xmin WIP 

0.989 2.1 0.9 0.7 0.3 0.40 0.8605 
0.989 1.9 1 0.8 0.3 0.42 1.0023 
0.989 1.8 0.9 0.9 0.4 0.44 1.1383 
0.989 1.7 0.9 0.8 0.6 0.46 1.2637 
0.989 1.5 0.9 0.9 0.7 0.48 1.5005 
0.989 1.3 1.0 0.8 0.9 0.50 1.7294 
0.989 1.2 0.9 0.8 1.1 0.51 1.9717 
0.989 1.1 0.9 0.9 1.1 0.5112 2.0696 



 

Discussion: From Table 7 it can be observed that when the load on the production line is low the 
optimal t* takes the form ti > tj for i<j.  As the load on the line approaches its maximum capacity t* 
takes a “bowl” shape as in the case of a line with reliable stations. 
 
 
5. Contribution and findings of the study 
 
This study tries to analyze and give some insights into the workload problems in unreliable production 
lines. The main contribution of this work may be summarized as follows: 

1. [Workload allocation to maximize throughput when Ai is the same for all i]  As Ai is 
descreased the % Workload InBalance measure increases, i.e., the “bowl” phenomena 
becomes more pronounced. 

2. [Workload allocation to maximize throughput as Ai is the same for all i, however ri (the 
average failure rate) and ßi (the failure rate) will vary, i.e., ri/ ßi=constant] For both 
Ai=0.833 and Ai=0.902 the % Workload Inbalance measure increases to a point and then 
decreases.  The “bowl” effect is more pronounced for Ai=0.833, which corresponds with 
the results obtained in 1. 

3. [Workload allocation to maximize throughput as A1 ≥ A2≥ A3 and A2 ≥ A1 = A3] As the % 
Availability InBalance increases the % Workload InBalance measure follows a “bowl” 
shape, i.e., decreasing and then increasing.  The effect is more pronounced for the case 
when A2 ≥ A1 = A3.  

4. [Workload allocation to minimize WIP subject to a minimum throughput] When the 
minimum throughput is zero the first station has to be allocated as much workload as 
possible. The same applies to the rest sequence of stations i.e., the second station is 
allocated more work than the third one and so on, the last station of the line is allocated 
the least work. (The graphical representation of this allocation results to a scheme which 
resembles with an “ L”). At high load the “bowl” phenomena is seen at low loads t* 
takes the form ti > tj for i<j. 
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