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Abstract: This paper examines a model of a flow line consisting of three unreliable machines and one 
buffer of limited capacity. The main assumptions of the model are the non linearity of the flow of 
material with the system performing merge operations and the new way of the machines reaching 
failure by allowing the machines to fail not only when they are operational but also when are either 
blocked or starved. The latter gives rise to the possibility of modeling the production of more than one 
part types by using this model as a decomposition block to solve large flow lines with merge 
operations and multiple part types. The model is solved analytically by developing a recursive 
algorithm that generates the transition matrix for any value C of the intermediate buffer capacity. 
Then various performance measures of the system (e.g., throughput) can be easily evaluated.  
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1. Introduction and literature review 
 
Flow lines with linear or non-linear flow of material can be analyzed using decomposition methods of 
the types described in Gershwin (1994), Dallery et al. (1988), Helber (1999), among others. According 
to these methods, the flow line is decomposed into a set of virtual two-machine lines, one for each 
buffer of the original line. While there is a rich body of literature on the analysis of flow lines with 
linear flow of material (see Gershwin, 1994 and Papadopoulos et al., 1993), there is relatively scarce 
literature on the analysis of nonlinear flow of material. An excellent review of manufacturing flow line 
systems and their models was given by Dallery and Gershwin (1992). A detailed review on the 
analysis of A/D systems as well as transfer lines where the decomposition method for evaluating the 
mean production rate of large transfer lines is used, was also presented in Gershwin (1994). 
 
A comprehensive treatment of flow lines with nonlinear flow of material is given in Helber (1999), 
where a model of a merge system with two buffers is analyzed through decomposition using, as a 
decomposition block, virtual two-machine lines. 
 
An extension of the original decomposition method given in Gershwin (1987), is presented in 
Gershwin et al. (2001), in order to evaluate the throughput and the distribution of inventory of a 
closed-loop production system.  
 
A class of non-linear flow lines is lines with merge operations. A merge in the flow of material exists 
when two parallel machines perform the same operations, disposing their produced parts into a single 
downstream machine. Machine M1 has priority over machine M2 to be the next to fill the buffer B(1,2),3 
when this is full. Such a system is depicted in Figure 1 
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Figure 1: A discrete material merge system 
 
Two models similar to the one depicted in Figure 1, with three stations and a limited buffer capacity 
but with continuous flow of material were analyzed by Helber and Mehrtens (1999) and Tan (2001). 
Processing times were assumed to be machine specific, whereas, repair times and failure times 
followed the exponential distribution.  

A Markovian analysis of the same model (Figure 1), but for the case of discrete flow of material and 
discrete time, where all machines were assumed to have identical constant processing times was 
performed by Diamantidis, Papadopoulos and Vidalis (2003). 
 
Although the decomposition method described in Gershwin (1987 & 1994) has been extensively 
applied to a wide variety of manufacturing systems under various assumptions, all decomposition 
methods that were developed so far, had a common assumption that the flow lines produced only a 
single part type. 
 
A decomposition approach for the performance evaluation of a flow line with linear flow of material 
with two part types was presented by Nemec (1999). The contribution of this work was that the 
decomposition method originally proposed by Gershwin (1994) was extended to cover the case where 
the machines are capable of producing two part types, but it was still assumed that the machines were 
serially arranged and that there were no merge operations.  
 
Another decomposition analysis of flow lines with linear material flow, multiple part types and 
multiple failure modes was described by Syrowicz (1999). 
 
The present paper deals with the same model as that of Diamantidis et al. (2003) with the extra 
assumption that the machines may break down not only when they are operational (operational 
dependent failure), but also when are either blocked or starved (idleness failure). The latter gives rise 
to the possibility of modeling the production of more than one part types by using the proposed system 
as a decomposition block to solve larger flow lines with merge operations and multiple part types.  
 
The paper is organized as follows. Section 2 provides the motivation for this work. Section 3 gives the 
assumptions of the model. Section 4 describes the steps of the method for solving the three-machine, 
one buffer unreliable system. Section 4.1 gives the transition equations of the Markovian model, 
Section 4.2 describes the solution algorithm and Section 4.3 tabulates some numerical results. Finally 
Section 5 concludes the paper and provides some future research areas. 
 
2. Motivation of the work 
 
The reason the proposed model was examined is that this will form the basis for solving larger flow 
lines with merge operations and multiple part types. More specifically, this system will serve as a 
building block for analyzing, via decomposition, systems like the one depicted in Figure 2. 
 
 



 
 

Figure 2: A flow line with six machines, eight buffers and merge operations with two part types  
 

The flow line depicted in Figure 2 consists of six machines denoted by squares and labelled Mi, and 
eight finite-buffers, denoted by circles and labelled Bi,j j=1,2. It is assumed that each processing 
machine in the line can produce two part types and that there is no set-up penalty involved when the 
machine switches operation from one part type to the other. Another assumption is that when machine 
Mi completes a part, it is placed in a buffer downstream of the machine, and that each part type has its 
own buffer. Therefore, if a type one part is produced by machine Mi will be placed in the buffer 
denoted by Bi,1, while if a type two part is produced at the same machine Mi, will be placed in buffer 
Bi,2. Because each processing machine is capable of producing two part types, has to choose which 
part to work on. Therefore a scheduling rule is necessary to be stated. Such a rule might be the 
following one, proposed by Nemec (1999) and applied to flow lines with linear flow of material:  
 
“Each machine will work on part type one whenever this is feasible (i.e., whenever the machine is up 
and not starved nor blocked for type one parts). Equivalently a machine will work on a type two part if 
it is up, and either starved or blocked for type one parts”. 
 
The reason why one who wishes to decompose flow lines like the one depicted in Figure 2, needs to 
use a system like the one presented in Figure 1, with the extra assumption that the machines fail not 
only when they are operational (operational-dependent failures), but also when are either blocked or 
starved (idleness failures), is explained below: Imagine that an observer is located in buffer B(3,4),1. 
From the point of view of the observer, he/she sees the inflow and outflow of buffer B(3,4),1 in the 
three-machine, one buffer, one part type virtual sub-line. If the observer sees that the outflow from this 
buffer has stopped, but the inflow has not, then unless the outflow resumes or the inflow stops it is 
straightforward that buffer B(3,4),1 will fill up. According to the scheduling rule stated before both 
machines M3 and M4 will begin producing type two parts if they are not starved or blocked. Let us 
assume that M3 or M4 fails when making a type two part. Supposing that while M3 or M4 is down, the 
outflow of buffer B(3,4),1 starts again. The observer in buffer B(3,4),1 will notice that when the outflow 
stops the buffer fills up, but when the outflow starts again then inflow does not, because machine M3 
or M4 is down. For the observer located in buffer B(3,4),1 machine M3 or M4 failed while it was blocked 
for part type one (i.e., failed while it was idle and this is the idleness failure). Therefore, the proposed 
model has to be analyzed first and then be used as a building block in a decomposition approach. 
 
3. The model 
 
The model under consideration is that one depicted in Figure 1 and is concerned with one part type 
only. The machines are denoted by squares and the buffer by a circle. There are two upstream 
machines M1 and M2 of the buffer B(1,2),3 and one downstream machine M3. The size of the 
intermediate buffer is denoted by C, and the current level of the buffer at time t is denoted by n(t). It is 
obvious that C)t(n0 ≤≤ . Machine M1 has priority over machine M2 to be the next to fill the buffer 
when this is full. The physical buffer between the machines is distinguished from the storage of the 
whole system. The storage of the whole system, N, includes the work areas of M1, M2 and M3. It may 
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contain an integer number of n parts with Nn0 ≤≤ , where, N=C+3. It is also assumed that the 
upstream machines are never starved and the downstream machine is never blocked. 
The machines are no longer restricted to fail when they are operating on a part but also it is possible 
for a machine to fail when it is starved or blocked.  
 
The probability that machine Mi, i=1,2 fails while is operational, given it is not blocked is pi, i=1,2, 
and the probability that machine Mi fails while is blocked is vi, i=1,2. For the downstream machine 
M3, the probability that it fails while is operational, given it is not starved is p3, and the probability that 
it fails while is starved is v3. The introduction of this idleness failure was made by Nemec (1999).  
 
The probabilities that Mi, i=1,2 and M3 are repaired while they are down are denoted by ri, i=1,2,3, 
respectively. The failure and repair probabilities are assumed to be geometrically distributed. All 
machines have identical deterministic processing times that are scaled to unity.  
 
It is further assumed that machine states change due to failures and repairs at the beginning of 
periods, whereas buffer levels change due to completion of processing at the end of periods. 
 
The state of the three machine line is s=(n,a1,a2,a3) where n is the current level of the intermediate 
buffer and ai, i=1,2,3 is 0 or 1 if Mi, is down or up, respectively. Although the Markovian property is 
lost in models with deterministic and machine specific processing times, in our case this property does 
hold because all three machines are assumed to have identical deterministic processing times and the 
failure and repair probabilities are distributed according to the memoryless geometric distribution. 
 
4. Steps of the solution method 
 
To analyze the model of Figure 1 in order to evaluate the throughput of the system, the steps given 
below have been followed:  
 
Step 1: Derivation of the transition equations (internal, lower boundary and upper boundary)  
             of the Markovian model.  
 
Step 2: Development of a recursive algorithm for generating the transition matrix for any  
             value N of the extended storage level (N=C+3) of buffer B(1,2),3. 
 
Step 3: Numerical computation of the transition probabilities and the various performance  
             measures of the system, such as throughput. 
 
In Section 4.1 the transition equations are given whereas Section 4.2 presents the algorithm for 
generating the transition matrix and Section 4.3 provides some numerical results. 
 
4.1 Transition Equations 
 
The system states can be divided with respect to the storage level n into three sets: “lower boundary 
states”, “internal states” and “upper boundary states”. Due to space limitation, only a couple of 
sample transition equations for all three categories are given below. 
 
Internal state equations: 
 
The transition equations for probabilities p[ n, ],, 321 ααα  of states (n, 321 ,, ααα ), with 2< n < N-2, 
where, N>5, have the following structure for 1,0and0 321 =α=α=α : 
 
 
 
 



p[n,0,0,0] = (1-r1) (1-r2) (1-r3) p[n,0,0,0] + (1-r1) (1-r2) p3 p[n,0,0,1] +  
                    (1-r1) p2 (1-r3) p[n,0,1,0] + (1-r1) p2 p3 p[n,0,1,1] +  
                     p1 (1-r2) (1-r3) p[n,1,0,0] + p1 (1-r2) p3 p[n,1,0,1] +  
                     p1 p2 (1-r3) p[n,1,1,0] + p1 p2 p3 p[n,1,1,1] 
 
p[n,0,0,1] = (1-r1) (1-r2) r3 p[n+1,0,0,0] + (1-r1) (1-r2) (1-p3) p[n+1,0,0,1] +  
                    (1-r1) p2 r3 p[n+1,0,1,0] + (1-r1) p2 (1-p3) p[n+1,0,1,1] +  
                    p1 (1-r2) r3 p[n+1,1,0,0] + p1 (1-r2) (1-p3) p[n+1,1,0,1] +  
                    p1 p2 r3 p[n+1,1,1,0] + p1 p2 (1-p3) p[n+1,1,1,1] 
 
Lower boundary state equations: 
 
States with storage n = 0,1,2 are called lower boundary states. A couple of the transition equations are 
given below for 1and0 321 =α=α=α : 
 
p[0,0,0,1] = (1-r1) (1-r2) r3 p[0,0,0,0]+(1-r1) (1-r2) (1-v3) p[0,0,0,1] + (1-r1) p2 r3 p[0,0,1,0]+  
                   (1-r1) p2 (1-v3) p[0,0,1,1] + p1 (1-r2) r3 p[0,1,0,0] + p1 (1-r2) (1-v3) p[0,1,0,1] +  
                    p1 p2 r3 p[0,1,1,0] + p1 p2 (1-v3) p[0,1,1,1] + (1-r1) (1-r2) r3 p[1,0,0,0] + 
                   (1-r1) (1-r2) (1-p3) p[1,0,0,1] + (1-r1) p2 r3 p[1,0,1,0] + (1-r1) p2 (1-p3) p[1,0,1,1] + 
                     p1 (1-r2) r3 p[1,1,0,0]+ p1 (1-r2) (1-p3) p[1,1,0,1] + p1 p2 r3 p[1,1,1,0] +  
                    p1 p2 (1-p3) p[1,1,1,1] 
 
p[1,0,0,1] =  (1-r1) (1-r2) r3 p[2,0,0,0] + (1-r1) (1-r2) (1-p3) p[2,0,0,1] + (1-r1) p2 r3 p[2,0,1,0] + 
                     (1-r1) p2 (1-p3) p[2,0,1,1] + p1 (1-r2) r3 p[2,1,0,0] + p1 (1-r2) (1-p3) p[2,1,0,1] + 
                     p1 p2 r3 p[2,1,1,0] + p1 p2 (1-p3) p[2,1,1,1] 
 
 
Upper boundary state equations: 
 
States with storage level n= N-1, N-2, N, are called upper boundary states. A couple of the transition 
equations are also given below for 0and1,0 321 =α=α=α  
 
p[N,0,0,0] = (1-r1) (1-r2) (1-r3) p[N,0,0,0] + (1-r1) (1-r2) p3 p[N,0,0,1] + (1-r1) v2 (1-r3) p[N,0,1,0]+ 
                    (1-r1) v2 p3 p[N,0,1,1] + v1 (1-r2) (1-r3) p[N,1,0,0] + v1 (1-r2) pd p[N,1,0,1] +  
                    v1 v2 (1-r3) p[N,1,1,0] + v1 v2 p3 p[N,1,1,1] 
 
 
p[N-1,1,1,0] = r1 r2 (1-r3) p[N-3,0,0,0] + r1 r2 p3 p[N-3,0,0,1] + r1 (1-p2) (1-r3) p[N-3,0,1,0] +  
                        r1 (1-p2) p3 p[N-3,0,1,1] + (1-p1) r2 (1-r3) p[N-3,1,0,0] + (1-p1) r2 p3 p[N-3,1,0,1] +  
                       (1-p1) (1-p2) (1-r3) p[N-3,1,1,0] + (1-p1) (1-p2) p3 p[N-3,1,1,1] 
 
4.2 The algorithm 
 
For the three machine merge system described in Section 3 and depicted in Figure 1, a recursive 
algorithm that generates the transition matrix corresponding to the extended buffer level N from the 
transition matrix corresponding to the buffer level N=5, for any value of N (N > 5) has been 
developed.  
 
Si,5Sj,5, i, j = 0,1,2,3,4,5, are (k x l ) sub-matrices describing the transitions from states {i, 1a , 2a , 3a } 
to states {j, 1a , 2a , 3a }, where k is equal to the number of states of set Si,5 and l  is equal to the 
number of states of set Sj,5. The algorithm takes as initial matrix the transition matrix that corresponds 
to the value N=5 of the extended buffer level, i.e., all sub-matrices Si,5Sj,5, i, j = 0,1,2,3,4,5, are known 
and used as initial values by the algorithm.  



The steps of the proposed algorithm mimic the respective steps of a recursive algorithm developed by 
Papadopoulos and O’Kelly (1989) for generating the transition matrices of multi-station exponential 
series production lines. The algorithm consists of three steps, each one corresponding to the creation 
of the sub-matrices that contain the transition probabilities leading to: lower boundary states (Step 1), 
internal states (Step 2) and upper boundary states (Step 3), respectively.  
 

Step 1: (Creation of the Transition Probabilities leading to States with n=0,1) 

Create sub-matrices S0,NSi,N, S1,NSi,N,  50 ≤≤ i , as follows: 

 

1,0,50,65,5,,, =≤≤≥∀= jiNSSSS ijNiNj  

1,06,06 ,, =≥=≥∀ jandNSSi NiNj  

Step 2: (Creation of the Transition Probabilities leading to States with n=2,…, N-2)  6≥∀ N , 
NMNK ,...,0,22 =−≤≤ : 

For K=2 to N-2 do  

    For M = 0 to M = N do 

      Create sub-matrix SK,NSM,N 

Case 1: 

            K > M and K – M > 1 set SK,NSM,N = 0 

Case 2 

 K=2 and M=1  set SK,NSM,N = S2,5S1,5 

Case 3: 

            K > M and K – M = 1 and K+M 3≠  set SK,NSM,N = S3,5S2,5 

Case 4: 

            K = M set SK,NSM,N = S3,5S3,5 

Case 5: 

           M>K and M-K=1 and N-M= 1 set SK,NSM,N = S3,5S4,5 

Case 6: 

           M>K and M-K= 1 and N-M>1 set SK,NSM,N = S2,5S3,5 

Case 7: 

           M>K and M-K=2 and N-M=0 set SK,NSM,N = S3,5S5,5 

Case 8: 

           M>K and M-K=2 and N-M=1 set SK,NSM,N = S2,5S4,5 

Case 9: 

           M>K and M-K=2 and N-M>1 set SK,NSM,N = S2,5S4,5 

Case 10: 

           M – K > 2 set SK,NSM,N = 0 

    End for 

End For 



Step 3: (Creation of the Transition Probabilities leading to States with n=N-1,N)  

∀ 6≥N  , M = 0,1,2,…,N: 

For M = 0 to M = N do 

Create sub-matrix SN-1,NSM,N 

Case 1: 

           (N-1) – M ≥  2 set SN-1,NSM,N = 0 

Case 2: 

           (N-1) – M = 1 set SN-1,NSM,N = S4,5S3,5 

Case 3: 

            N-1 = M set SN-1,NSM,N = S4,5S4,5 

Case 4: 

           M > N-1 and M - (N-1) = 1 then SN-1,NSM,N = S4,5S5,5 

End For 

For M = 0 to M = N do 

Create sub-matrix SN,NSM,N 

Case 1: 

            N – M 2≥  set SN,NSM,N = 0 

Case 2: 

            N – M = 1 set SN,NSM,N = S5,5S4,5 

Case 3: 

            N = M set SN,NSM,N = S5,5S5,5 

End For 

 
4.3 Numerical results 
 
The transition equations for any value of the extended buffer level N, were solved and the 
steady state probabilities were computed using the Gaussian elimination method. A C++ 
program that generates the transition matrix and solves numerically the transition equations computing 
all transition probabilities was written.  
 
For the experiments presented in Table 1, failure rates, idleness failure rates and repair rates 
were taken equal to pi =0.01, vi=0.01 and ri = 0.1, i=1,2,3, respectively. In this Table, the first 
column gives the extended buffer size, N, the second column gives the throughput obtained by the 
numerical solution of the proposed algorithm, while the last column provides the CPU time (in 
seconds) taken by the proposed algorithm. 
 
 
 
 
 
 
 
 
 



Table1: Throughput of a three-machine, one-buffer system with N=5, 10, 15, 20, 30, 40 
 

 Extended buffer size (N) Throughput CPU Time (secs) 
5 0.9011138 0 
10 0.906092448 0.0099 
15 0.90792545 0.0099 
20 0.90860257 0.04 
30 0.90894559 0.0899 
40 0.908992551 0.23 
 
 
5. Conclusions and further research 
 
A model of a three-machine merge system (graphically represented in Figure 1) with limited buffer 
capacity was analyzed in this paper. In this model, it was assumed that the three machines can fail not 
only when they are operational but also when are blocked or starved. This assumption is necessary in 
order this three machine, one buffer unreliable merge system to be used as a decomposition block for 
the analysis of longer flow lines with merge operations and multiple part types.  
 
Large flow lines cannot be analyzed as Markovian models because of the enormous state space. 
Instead, the decomposition method may be applied, in which, the flow line is broken down into 
smaller sub-lines. Each sub-line may consist of two or three machines. By choosing appropriate 
parameters for these sub-lines it is possible to solve the original system. Although the decomposition 
method proposed by Gershwin (1987) is applicable to the case of flow lines with non linear flow of 
material, merge operations and multiple part types, the sets of the decomposition equations such as 
Interruption of flow equations and Resumption of flow equations must be modified in order to take 
into account the existence of more than one part types. In addition a new set of Idleness failure 
equations must be considered to anticipate the idleness failure probabilities. This work is currently 
under development for the case of two part types.  
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